In this paper we consider the ergodic properties of linear actions on the plane of ( 2 × 2)-matrices with entries in the complex numbers, quaternions, or Clifford numbers.
Introduction
In this paper we study ergodic properties of linear actions of discrete groups of (2×2)-matrices with determinant 1. Consider the usual linear action on the real plane R 2 of a discrete subgroup in the (2 × 2)-matrices with real entries SL(2, R) given by
The action by such matrices clearly preserves the usual Lebesgue measure on the plane. It follows from work of G. Hedlund [18] that if is a cocompact group, or more generally a lattice, then this linear action is ergodic. * This result was extended by F. Ledrappier in [23] to the case of normal subgroups for which / is an infinite abelian subgroup.
In this note we extend these ergodicity results to discrete subgroups of (2 × 2)-matrices over other fields. The simplest case relates to (2 × 2)-matrices with complex entries. In Theorem 1 we show the ergodicity of the linear actions on the complex plane C 2 by discrete cocompact groups and by normal subgroups for which / is an infinite abelian subgroup. The next most obvious case deals with discrete subgroups of (2×2)-matrices where the entries are quaternions, where the nonabelian nature of the entries provides additional features of interest in the analysis. The corresponding ergodicity result for the linear actions on the quaternionic plane H 2 is described in Theorem 2. Finally, as we shall see, there is a very rich general framework into which many of these results fit, involving the study of matrices whose entries are Clifford numbers. The ergodicity results at this level of generality are described in Theorem 3. It is interesting to note that, although the quaternions are also examples of Clifford numbers, the action derived as a special case of the general construction is different from the usual action described in Theorem 2.
Perhaps of interest equal to that of the results we present is their method of proof. In the case of real matrices, there is a useful correspondence between the linear action of SL(2, R) and the action of the same group on the space of horocycles in the Poincaré half-plane H 2 by hyperbolic motions (see [16] , [22] , [23] ). The group is a Fuchsian group corresponding to a compact surface, and corresponds to a Z d -cover. The key idea in considering matrices over different fields is the need to develop a suitable geometric interpretation. In general, the linear action corresponds to an action on an appropriate space of frames on horospheres in higher dimensional Poincaré halfspaces H n+1 . Our method also gives ergodicity for many variable curvature examples (see Th. 6).
We also consider the distribution of each orbit under such linear actions. For each γ ∈ , we can let ||γ || be its norm. Ledrappier considered in [22] the distribution of the orbits γ (x, y) of a point (x, y) ∈ R 2 under the linear action of a cocompact group ⊂ SL(2, R), ordered by the norm ||γ || (see Fig. 1 ). Using a different technique, A. Nogueira studied the case of = SL(2, Z) in [26] . We extend these results to the general case of discrete subgroups of matrices over Clifford numbers (see Ths. 4 and 5).
Geodesic and frame flows
In this section we recall the properties of geodesic flows and frame flows for negatively curved manifolds. We are particularly interested in the ergodic properties of these flows, and we are particularly interested in the case of orientable (n + 1)-dimensional manifolds V with constant sectional curvatures, where the stable manifolds have a particularly simple geometric (and algebraic) form. Let us denote by H n+1 = (x 1 , . . . , x n+1 ) ∈ R n+1 : x n+1 > 0 the usual (n + 1)-dimensional hyperbolic space, equipped with the Poincaré metric ds 2 = (d x 2 1 + · · · + d x 2 n+1 )/x 2 n+1 . The discrete groups and are identified with discrete subgroups of orientation-preserving isometries G = Isom(H n+1 ) of H n+1 , and we can associate to the groups and manifolds V = H n+1 / and V = H n+1 / .
Let St 1 (V ) be the unit tangent bundle, and let St n+1 (V ) be the space of (positively oriented) orthonormal (n + 1)-frames. In particular, each (n + 1)-frame (v 1 , . . . , v n+1 ) ∈ St 1 (V ) × · · · × St 1 (V ) projects to the same point x ∈ V under the canonical projection from St 1 (V ) to V . The frames St n+1 (V ) form a fiber bundle over St 1 (V ) with a natural projection π : St n+1 (V ) → St 1 (V ) which selects the first vector in the frame, that is, π(v 1 , . . . , v n+1 ) = v 1 . The associated structure group acts on each fiber by rotating the frames about the first vector v 1 . In particular, we can identify each fiber π −1 (v), v ∈ St 1 (V ), with the compact group SO(n).
The geodesic flow g t : St 1 (V ) → St 1 (V ) is defined by parallel transporting v along the geodesic γ : R → V satisfying v =γ v (0) for time t. The frame flow f t : St n+1 (V ) → St n+1 (V ) acts on frames (v 1 , . . . , v n+1 ) ∈ St n+1 (V ) by parallel transporting for time t the frame along the geodesic γ v 1 : R → V satisfying v 1 = γ v 1 (0).
The geodesic flow g t preserves the (normalized) Liouville measure µ. There is a natural invariant probability measure ν for the frame flow f t , locally described as dν = dµ × d λ SO(n) , where λ SO(n) denotes the normalized Haar measure on SO(n). The following ergodicity results are known for frame flows (cf. [12] ). PROPOSITION 
1.1
The frame flow f t :
The strong stable manifold for the geodesic flow is defined by
(Here d denotes the Riemannian metric on St 1 (V ).) For the frame flow f t : St n+1 (V ) → St n+1 (V ) on the compact manifold V , we can define its strong stable manifolds by
(Here d denotes the Riemannian metric on St n+1 (V ).)
We can similarly define a frame flow f t :
There are corresponding foliations of St n+1 ( V ) by stable manifolds W ss f (x). The following result is also proved in §8. PROPOSITION 
1.2
The foliations of St n+1 ( V ) and St n+1 (V ) by their strong stable manifolds are ergodic.
The following geometric point of view of these foliations is useful. The strong stable manifold W ss g (x) corresponds to the -quotient of a horosphere in H n+1 . We can identify the stable manifolds W ss f (x) with families of frames on these horospheres on V , which are related by some parallel transport along the horosphere.
Algebraically, we can describe the geodesic and frame flows on compact (n + 1)-dimensional manifolds with constant negative curvatures in terms of discrete < G subgroups of groups of (2 × 2)-matrices G with appropriate entries (e.g., complex numbers, Clifford numbers, etc.) corresponding to isometries on H n+1 . More precisely, we can identify H n+1 = G/K and V = \G/K , where K < G is a maximal compact subgroup of G. We can then identify St n+1 (V ) with the cosets \G, and then the frame flow corresponds to the algebraic flow γ → γ g t for g t = e t/2 0 0 e −t/2 , where t ∈ R.
The stable manifolds for this flow can then be identified with the double cosets γ N , where N = 1 * 0 1 .
The linear action of complex matrices
We begin by considering the case of the group of (2 × 2)-matrices of determinant 1 with complex entries. This illustrates the principles of the proof in the more general case, but since the associated compact fiber group SO(2) is abelian for the corresponding 3-manifolds, we are able to take advantage of some simplifying features. Each matrix γ ∈ SL(2, C) corresponds to an isometry of H 3 by the conformal action defined on ∂H 3 = C ∪ {∞} given by
We can associate to each γ ∈ SL(2, C) the frame in H 3 which is the isometric image of the reference frame based at the reference point (0, 0, 1) ∈ H 3 . Algebraically, the parallel transportation of frames along horospheres corresponds to the right action by matrices of the form 1 z 0 1 , z ∈ C. In particular, the double cosets
correspond to families of equivalent frames on horospheres on the compact 3-dimensional manifold V = \H 3 . The stable manifolds for the algebraic (frame) flow f t : \ SL(2, C) → \ SL(2, C) defined by γ → γ g t , where g t = e t/2 0 0 e −t/2 , are precisely of the form (2.1), and, by Proposition 1.2, this equivalence relation is ergodic.
We denote C 2 * = C 2 − {(0, 0)}. For the linear action γ : C 2 * → C 2 * , the stabilizer of (1, 0) ∈ C 2 * consists of the subgroup of elements γ such that γ (1, 0) = (1, 0), and it takes the form
is an equivariance between the actions of G = SL(2, C) on C 2 * and G/W .
We prove a more general result later. If we quotient out by (x, y) ∼ (−x, −y), the resulting equivariance between C 2 * / ∼ and G/ W, −I is better suited for studying the linear actions of and¯ . Thus comparing Lemma 2.1 with the ergodicity of the foliation by stable manifolds in Proposition 1.2, and their interpretation as cosets γ N , shows the corresponding ergodicity of the linear action. .
We can introduce matrices T, X ∈ SL(2, C) as
Jørgensen [19] shows that the group = T, X generated by T and X is a cocompact Kleinian group. If we introduce the matrix
, then the results of this section apply to the subgroup = T, Y generated by T and Y .
The linear action of quaternion matrices
Let H = {q = x + i y + j z + kw} denote the quaternions with the standard relations i j = k, jk = i, ki = j, and i 2 = j 2 = k 2 = −1. We consider a linear action by matrices 
Observe that SL(2, H ) has 15 real dimensions. For later use, we state the following simple fact as a lemma. LEMMA 
3.1
In the special case when q 3 = 0, we have
where we write
The natural linear action SL(2, H ) : H 2 → H 2 is given by
Let us denote
We can identify γ ∈ SL(2, H ) with conformal maps on R 4 = H . The action of S R given by q →−1 is called a right screw. There is a corresponding action by
on H by q →, which is called a left screw. Every rotation in SO(4) is conjugate to the composition of two rotations in two orthogonal 2-dimensional planes (with an associated sense). The left screw corresponds to the 3-dimensional group of rotations by the same angle in each of two such planes in the same sense. The right screw corresponds to the 3-dimensional group of rotations by the same angle in each of two such planes in different senses. Furthermore, these actions of S L and S R commute; that is,
Let N be the 4-dimensional real nilpotent group given by
For the linear action, the stabilizer of (1, 0) ∈ H 2 * takes the simple form
where the condition on q 4 comes from (3.2).
The following result is an analogue of Lemma 2.1. 
provided y = 0, and the last term corresponds to the linear action of γ on (x, y), as required. The other case is similar.
Again, if we quotient out by (x, y) ∼ (−x, −y), the resulting equivariance between H 2 * /∼ and G/ W, −I is better suited for studying the linear actions of and¯ . Consider the maximal compact subgroup K given by
(which is isomorphic to the 10 real dimensional group SO (5)), and consider the 1-dimensional real abelian group A given by
which is isomorphic to SO(4). Given a discrete subgroup ⊂ SL(2, H ) with −I ∈ , we can identify \SL(2, H ) with the frame bundle St 5 (V ) over the 5-dimensional manifold V = \SL(2, H )/K . Similarly, for a normal subgroup , we can identify \SL(2, H ) with the frame bundle St 5 
We can identify the nilpotent group N with a translation of frames along horospheres and identify S R with a subgroup of rotations of frames. Since S L and S R commute, SL(2, H )/S R can be identified with an S L -bundle over St 1 (H 5 ), where S L is isomorphic to the compact group SO(3). We can therefore identify \SL(2, H )/S R with an S L -bundle over St 1 ( V ), and since S R g t = g t S R , the frame flow f t : γ → γ g t factors down to f t : γ S R → γ g t S R , say, which corresponds to the S Lextension of the geodesic flow
The cosets γ W correspond to the stable manifolds of the flow f t , and thus they are the quotients of the stable manifolds of the frame flow f t . In particular, ergodicity of the stable foliations for the flow f t (by Prop. 1.2) implies the corresponding result for f t . Therefore we have the following result. 
Linear actions by Clifford matrices
The Clifford numbers give a natural general framework into which we can fit both the complex numbers C and the quaternions H . For n ≥ 1, consider n − 1 elements i 1 , . . . , i n−1 which satisfy the relations i r i s = −i s i r and i 2 r = −1. The Clifford numbers V n are the n-dimensional real vector space a 0 + a 1 i 1 + · · · + a n−1 i n−1 with a 0 , . . . , a n−1 ∈ R. The associated Clifford algebra * C n is the 2 n -dimensional space consisting of elements of the form
It is easy to see that C 1 can be identified with R and that C 2 can be identified with C. We can identify C 3 with H , where i, j, k are represented by i 1 
There is a simple conjugation a → a * which reverses the order of the factors in each term
Let n be the set of products of nonzero Clifford numbers. A useful observation is that x ∈ V n if and only if axa * ∈ V n for a ∈ n (see [2, §1.5]).
Definition
We define the Clifford matrices SL(2, n ) to consist of (2 × 2)-matrices
The isometries of H n+1 correspond naturally to conformal maps on the n-dimensional boundary ∂H n+1 = R n ∪ {∞}. Moreover, by [2, Th. B], the group PSL(2, n ) is isomorphic to this Möbius group of conformal maps on R n ∪ {∞}. We can naturally identify (a 0 , · · · , a n−1 ) with a 0 + a 1 i 1 + · · · + a n−1 i n−1 . In particular, the matrices
, where β ∈ V n , give translation by β, and they correspond to parallel translation on horospheres (see [2] ). Given a cocompact discrete subgroup ⊂ SL(2, n ), the double cosets γ W correspond to families of equivalent frames on horospheres on the compact (n + 1)-dimensional manifold V = \H n+1 (see [2] ).
We can consider the algebraic (frame) flow
The stable manifolds for this flow are double cosets \ SL(2, n )/W , where
* For an account of the development of this theory, we refer the reader to the correspondence of "R. Lipschitz" [24] .
To study the linear action, we need to consider the restriction to a subspace
and to define the (restricted) linear action × A n → A n in the obvious way by
To see that this is well defined, observe that for y = 0 we have y * x ∈ V n if and only
. The other cases are simpler.
If we define Q :
Clearly, if y * x ∈ V n , then we have Q(x, y) = 0. The reverse implication follows from an application of a theorem of Lipschitz and T. Vahlen (see [4, §3.2] ), which gives that a = y * x ∈ n is uniquely determined by the coefficients a 0 , a j , and a jk . More precisely, since (y * x) * = x * y = y * x, we see that a i j = 0, and so
Examples
Notice that A 1 = R 2 and A 2 = C 2 , but A 3 ⊂ H 2 . However, observe that SL(2, 3 ) is 10-dimensional; thus it is different from SL(2, H ), as defined in §3.
We can denote A n * = A n − {(0, 0)}. W , where c * a ∈ V n . Moreover, if we consider the right action by γ on cosets, we can write
provided y = 0, and the last term corresponds to the linear action of γ on (x, y), as required. Similarly, if c = 0 and a = 0, then since ab * ∈ V we have a −1 b ∈ V and we can write
and if a = 0 and c = 0, then since cd * ∈ V we have c −1 d ∈ V and we can write
The equivariance is easily checked in these cases too.
If we quotient out by (x, y) ∼ (−x, −y), the resulting equivariance between A n * /∼ and G/ W, −I is better suited for studying the linear actions of and¯ . Under this above equivariance map, the Haar measure induces a measure µ on A n /∼ which is absolutely continuous. The following result is a natural generalization of Theorem 1 and is again a consequence of Proposition 1.2.
THEOREM 3
Let be a cocompact lattice in SL(2, n ) with −I ∈ . Let be a normal subgroup with / = Z d . The linear actions of and on A n are ergodic.
The distribution of orbits
The distribution of the orbits (x, y) can most easily be described by a geometric interpretation of the actions. At the level of generality of Clifford matrices, the proof is essentially a straightforward generalization of the argument in [22] for SL(2, R). The results for complex and quaternionic matrices follow as corollaries.
The action on V n of the matrices α 0 0 α * −1 with |α| = 1 correspond to elements M ⊂ G, which rotate the reference frame in H n+1 by an element of SO(n). Using the K AN decomposition, we can write each γ ∈ SL(2, n ) as a product of matrices
where λ = e d/2 (for d ∈ R + ), β ∈ V n , and the first matrix lies in the maximal compact subgroup K . These transformations on V n ∪ {∞} can be interpreted in terms of the reference frame in H n+1 , on the reference horosphere based at ∞. The transformations are, respectively, rotation by an element of SO(n + 1), transportation under the geodesic flow by g d , and translation on the horosphere by β ∈ V n = R n . If γ (1, 0) = (x, y), then we can associate to (x, y) ∈ A n the image of the reference horosphere, which is the unique horosphere
Furthermore, we can associate those frames on this horosphere which are parallel transports of (3) the reference frame rotated by x → αxα * , where α ∈ n , |α| = 1 (see [2, §2.6] ). Let X = (x, y) ∈ A n * . We are interested in the distribution of orbits under . We have the following property.
THEOREM 4
Let be a cocompact lattice in SL(2, n ), and let f be a continuous function with compact support on A n * . Then there is a constant C > 0 such that
where |X | = x 2 + y 2 and λ is volume on A n . *
Remark. For n = 1, this is the result of [22] . † For n = 2, we obtain the corresponding result for SL(2, C). The constant C can be explicitly computed to be C = 2ω n /Vol( \ SL(2, n )), where ω n is the volume of the unit ball in R n .
Proof
To prove Theorem 4, we can define a map : A n * → SL(2, n ), where we associate to a point X = (x, y) = γ (1, 0) ∈ A n * the product (X ) = ( a b c d ) λ 0 0 1/λ ∈ * One can compare this with estimates on π(T ) = #{g ∈ : ||g|| ≤ T }. There exists C > 0 such that π(T ) ∼ C T n+1 (see [32] ).
† The constant given in [22, Rem. 1] is unfortunately off by a factor 2 (cf. [26] ).
SL(2, n ). Geometrically, (X ) is the reference frame rotated by an element of K and moved forward by the geodesic flow g d , where λ = e d/2 . The action of an element γ ∈ SL(2, n ) on H n+1 carries the horosphere supporting the frame (X ) to another horosphere containing the frame γ (X ). Moreover, the frames are related by a horospherical translation γ (x)h s = (γ x) for some s = s(γ , x). We have the following estimate. LEMMA 
5.1
With the above notation, let
represent γ X , and let s ∈ V n be such that
The equality follows by taking the norm of each side.
Following [22, p . 63], we can write that for any small region D ⊂ A n * we have ||γ || ≤ T and γ X ∈ D if and only if (X )h s ∈ γ (D) for some s with |s| ≤ T /(|X ||γ X |). This allows us to replace
where h s is the right multiplication by h s = ( 1 s 0 1 ) ∈ W and wheref is a suitable function with small support on \ SL(2, n ).
We also require the following result, which follows easily from [14] . LEMMA 
5.2
Let be a cocompact lattice, and let µ denote the Haar measure on \ SL(2, n ).
where ω n is the volume of the unit ball in R n , and the convergence is uniform for any g ∈ SL(2, n ).
In particular, if Z ∈ \ SL(2, n ) is a coset, then by Lemma 5.2, for a continuous functionf on \ SL(2, n ), we have
Then, since the coset Z W corresponds to a point in A n by comparing (5.2) and (5.3), the conclusion of Theorem 4 holds.
Symbolic dynamics
The proof of Proposition 1.2 makes essential use of the symbolic models of the associated flows. The geodesic flow g t : St 1 (V ) → St 1 (V ) has a particularly simple symbolic model, which we now describe. Let A be a k × k aperiodic matrix with entries 0 and 1, and define the space
is the Dirac delta function on the symbol space. Let σ : X A → X A be the two-sided subshift of finite type defined by (σ x) n = x n+1 . Given a Hölder continuous function r : X A → R, we define X r A = {(x, u) ∈ X A × R : 0 ≤ u ≤ r (x)}, where we identify (x, r (x)) = (σ x, 0). We can associate the suspended flow σ r t : X r A → X r A , where
where we denote r n (x) = r (x)+r (σ x)+· · ·+r (σ n−1 x). Let h(σ r ) be the topological entropy of the flow σ r t . We let ν be the unique σ -invariant probability measure that satisfies
where m is an arbitrary σ -invariant probability measure with entropy h(σ, m) and h = h(σ r ). We then define a σ r -invariant probability measure on X r A by dμ = dν × dt/ r dν. PROPOSITION 6.1 (see R. Bowen [7] , M. Ratner [29] , Bowen and D. Ruelle [9] ) Given a geodesic flow g t : St 1 (V ) → St 1 (V ), there exists a suspended flow σ r t : X r A → X r A and a continuous surjective map π :
Although we need not be concerned with the details of the proof of Proposition 6.1, it is useful for the sequel to have some broad understanding. The sets T i = π([i] × {0}), i = 1, . . . , k, are local codimension one sections transverse to the geodesic flow g t : M → M. Thus the map σ : X A → X A models the Poincaré map between these sections, and the transition time for the flow between points π(x) ∈ T x 0 and π(σ x) ∈ T x 1 is given by r (x). The sections can be chosen arbitrarily small, and in later proofs we assume that they are as small as we require.
To extend this model to the frame flow f t :
, we can study a compact group extension of the symbolic flow
subject to the identification (x, r (x), α) ∼ (σ x, 0, 0 (x)α), where 0 : X A → SO(n) is a Hölder continuous function that records the rotation in the frame between each section. Finally, the frame flow f t : 
where one identifies (x, r (x), α) = (σ x, 0, (x)α), and
where one identifies
The measure ν on X A induces a unique probability measure on X + A , which, in the interests of reducing notation, we again denote by ν.
Remark. We can assume that ν is an equilibrium state for a potential − log u; then we can assume, without loss of generality, that u is normalized; that is, we can assume that σ y=x u(y) = 1 (see [28] ).
We define natural measures
on and¯ , respectively, where dz is the counting measure on Z d and λ SO(n) denotes Haar measure on K = SO(n). These correspond to the natural measures on St n+1 (V ) and St n+1 (V ), respectively. We define an equivalence relation on by
. We can apply Proposition 1.1 to deduce the following result. PROPOSITION 
6.3
The equivalence relation on is ergodic.
Aperiodicity and cross-ratios
We define an equivalence relation on¯ by
where
The following is a variant of a definition that appears in a paper of Y. Guivarc'h [17] .
Definition
We say that the equivalence relation is weakly aperiodic if there are only trivial solutions to
1)
where h : X → C k is a continuous function, (R, θ, t) ∈ SO(n) × T d × R, SO(n) represents the dual space of the unitary representations for SO(n), and ξ ∈ R. PROPOSITION 
7.1
The equivalence relation on¯ is weakly aperiodic.
Proof
We want to show that if (R, θ, t, ξ ) satisfies (7.1), then R is trivial. Condition (7.1) then reduces to a one-dimensional identity related only to the underlying geodesic flow. The triviality of the identity in this simpler case follows from the results in [31] .
We first fix a choice of Markov section,
{x ∈ X A : x 0 = i}, and a dense G δ subset O ⊂ T such that the projection π is oneto-one from π −1 O ⊂ X A to O. We also fix a choice of liftsT andÕ to St 1 H n+1 and write G for the set of geodesics (x, u) of H n+1 which intersectÕ. To fix coordinates onÕ, letṽ be the lift of a vector v which lies in O. We can identify the local strong stable manifold W ss loc (ṽ) with a neighborhood of γṽ(−∞) in ∂H n+1 by the map w → γ w (−∞). This gives an orthonormal frame on Tṽ W ss . Our reference frame is the projection of this frame to T H n+1 .
Given the identification of ∂H n+1 with R n ∪ {∞} and any periodic point x ∈ π −1 O with period m, corresponding to a closed geodesic that has a lift γ passing throughÕ with endpoints γ − and γ + in R n ∪ {∞}, we can write
where ρ γ (x) denotes the rotation part of the similarity γ (x) (cf. [2, §2.7] , where this is reduced to the case when the axis of γ is (0, ∞)). Let U : X A → SO(n) be as in Lemma 6.2, and set h 0 (x) = U (x)h(x) for x ∈ X A . Substituting into (7.1), we see that h 0 satisfies
Let x ∈ π −1 O be a periodic point such that σ m x = x and f m (x) = 0. We can apply (7.1 ) to the points {σ j x, j = 0, 1, . . . , m − 1} to obtain
If x corresponds to a geodesic γ which satisfies [γ ] = 0 with endpoints (γ − , γ + ), we write h(γ − , γ + ) = h(x). We now have
2)
The following two quantities were introduced by L. Ahlfors [3, (8) and (20)] for four distinct points x, y, u, v ∈ V n .
Definition
We define the absolute cross-ratio by |x, y, u, v| = |x − u| · |y − v| |y − u| · |x − v| ∈ R + , and we define the angular cross-ratio to be the rotation in SO(n) given by
where x → (I − 2Q(a)) denotes the reflection in R n through the hyperplane containing zero and a.
Observe that |x, y, u, v| and g(x, y, u, v) are continuous in their arguments. Following [3, (7) and (19)], we write for any γ Möbius transformation of R n ∪ {∞} and x, y ∈ R n ,
Consider a hyperbolic element A (resp., B) with associated axis (a − , a + ) (resp., Collecting together these observations, we obtain, for two hyperbolic elements A, B of¯ , corresponding to geodesics with endpoints (a − , a + ) and (b − , b + ), which pass through O,
(cf. [20] ) and
By continuity, (7.5) still holds for any limit point of such quadruples
In particular, for any (x, y, u, v) such that the geodesics with endpoint (x, u) and
To complete the proof, we can fix x and v. By conjugating x to zero and v to ∞, we have a representation R such that there exists a vector h (i.e., the conjugate of h(x, v)) with the property that for any (y, u) in a neighborhood of (0, ∞) we have
The elements g(0, y, u, ∞), where (y, u) satisfy the above restrictions, generate SO(n) (cf. [3, §12] ), from which we deduce that either the representation R is one-dimensional or it is trivial. However, the existence of a one-dimensional representation would contradict the simplicity of SO(n) for n ≥ 5 and n = 3. For n = 4, we can write SO(4) = SO(3) × SO(3), and so again there can be no one-dimensional representation. Thus, for n ≥ 3, one deduces that the representation R is trivial. Finally, in the case where n = 2, we see directly from the fact that (7.7) holds on some neighborhood that R is trivial because we have the freedom to change (y, u) so that R (g(0, y, u, ∞) ) remains the same but |0, y, u, ∞| changes, or vice versa (cf. [3, (24) and §12]).
Exactness
We can consider the semiflowσ r t :¯ →¯ , t ≥ 0, defined byσ r t (x, s, α, z) = (x, s+t, α, z), subject to the identification (x, r (x), α, z) ∼ (σ x, 0, (x)α, z+ f (x)). This provides a symbolic model for f t . We say thatσ r t is exact if the tail sigma algebra is trivial. We want to use the weak aperiodicity to establish the following. PROPOSITION 
8.1
The flowσ r t is exact.
Moreover, we have that the horospherical foliation for the frame flow f t : St n ( V ) → St n ( V ) is ergodic (i.e., Prop. 1.2 is proved) since the tail field of σ t coincides (mod 0) with the σ -algebra of measurable sets that are unions of strong stable manifolds.
Proof
The proof of Proposition 8.1 depends on a number of lemmas, but it follows the general scheme in [17] . Let u : X + A → R be the function dνσ/dν = u, that is, the function for which we have the σ y=x u(y) = 1. We denote by P :
The next lemma is essentially contained in [17] (see also [1] ) and is used to prove Proposition 8.1. We know that for every point we have | f n (x)| ≤ K 1 n and |r n (x)| ≤ K 2 n, for some constants K 1 , K 2 > 0. For the purposes of the proof, it is better to study the L 2 -norm. The next result relates the L 1 -norm and L 2 -norm.
The proof of this lemma follows the lines of that in papers [17] and [1] . In particular, we can bound
Using the Cauchy-Schwarz inequality, we can bound the first term in (8.2) by
For the second term, we use the fact that | f n | ≤ K 1 n to write
The third term in (8.2) goes to zero as n → +∞ for the same reason. This completes the proof of Lemma 8.3.
We can approximate any
We recall that there are only countably many irreducible unitary representations of G (for any compact Lie group; see [25] ). For each 0 ≤ k ≤ N , we can assume that the function
(1) the Fourier transform F k is compactly supported in R × G × T d ; in particular, there are only finitely many irreducible representations with nonzero coefficient; and (2) the support of F k is disjoint from I = (0 × trivial × 0). Using the L 2 -norm instead of the L 1 -norm, one can apply the Plancherel formula for the Fourier transform on fibers. More precisely, let us consider representations
is a unitary representation. For reference, we state the result as a lemma. LEMMA 
For a compact group G, there are countably many irreducible unitary representations R
χ : G → U (E χ ). Given C ∈ L 2 (G), we have a unique representation C = { C χ , χ ∈ G}, where each C χ is given by C χ = C(g)R χ (g) dλ G (g). Then the Plancherel equality takes the form G |C(g)| 2 dλ G (g) = χ trace( C χ C * χ ).
Definition
We associate to a representation γ the operator Pγ :
The following lemma relates P γ to P.
LEMMA 8.5
We can write
Proof
We first consider the Fourier transform of the function
The Fourier transform of D(n − f m (·)) is of the form e −i w, f m (·) D(w), and the Fourier transform of B(t + r m (·)) is of the form e isr m (·) B(s). The Fourier coefficients of C(
Finally, we apply the Plancherel equality (Lem. 8.4) to complete the proof of the lemma.
Returning to the proof of Proposition 8.1, Lemma 8.5 now allows us to write
where ||A|| α denotes the usual norm on the space C α (X ) of α-Hölder continuous functions and |||P||| α denotes the operator norm on that space.
LEMMA 8.6 Assume that the relation ∼ is weakly aperiodic. Then, for anyγ bounded away from I in the dual space, we have that the spectral radius of Pγ :
is strictly less than 1.
Proof
The proof is essentially a simple reinterpretation of the results from [28] . The idea is that the operator Pγ is quasi-compact with spectral radius at most 1. In particular, this means that if Pγ does not have spectral radius strictly smaller than 1, then there is an eigenfunction, Pγ h = e iξ h, say. However, h then satisfies (7.1), violating the weak aperiodicity hypothesis. This completes the proof of Lemma 8.6.
In particular, Lemma 8.6 tells us that if we fix a neighborhood U ⊂ R × G × Z d of I, then there exist C > 0 and 0 < ρ < 1 such that for anyγ ∈ U we have
From (8.1), (8.3), and (8.4), we can deduce the following. LEMMA Finally, we observe that, for any
Assume that A is Hölder continuous and that F
say, whereF k has compact support, not containing I, and where A k is an α-Hölder continuous function. Since we can apply (8.3) to the approximating function and since P does not expand the L 1 -norm, we see that Lemma 8.7 applies. By Lemma 8.2, this completes the proof of Proposition 8.1.
In [30] , M. Rees showed that for d = 1 or 2 the geodesic flow g t :
is ergodic. This result has a natural analogue for frame flows, given by the following corollary to Proposition 8.1.
Proof
We know by Proposition 8.1 that the symbolic modelσ r t for the frame flow is exact. Moreover, since f t is a compact extension (by the group SO(n)) of the geodesic flow g t and since we know from [30] and [17] that the geodesic flow g t is recurrent, we can deduce that f t is also recurrent.
A straightforward application of Guivarc'h's argument from [17, §2.4 , (2)] shows that ergodicity of f t is a consequence of exactness and recurrence.
The orbits of¯
It is particularly interesting to consider the case of normal subgroups ⊂ such that \ = Z d . The analogue of Theorem 1 is somewhat more delicate. We restrict to the case of SL(2, C) for simplicity. THEOREM 5 Given ⊂ as above, there exists a function A :
such that for any compactly supported function f : C 2 * → R we have
where λ C 2 is the Lebesgue measure on C 2 .
Proof
The proof of this result follows the same lines as the proof of the corresponding result for SL(2, R) (see [22] ). We briefly describe the modifications required. By considering a fixed reference horosphere and f = χ D , say, this is equivalent to counting the number of intersections of the orbit (D), where is a canonical section (cf. Lem. 2.1) with the neighborhood in the reference horosphere of size s. Applying the geodesic flow φ log T (for time log T ) to this neighborhood shrinks it to a small neighborhood B(φ log T X, s/T ). Thus the problem reduces to counting the number of orbit elements γ D such that there is a geodesic from γ D to B(φ log T x, s/T ) of approximate length T , up to an error of δ, but now with an additional requirement of restrictions on the rotation in the frame along the geodesic.
We require s/T small relative to the size of the neighborhood, in the direction of the frame. This is because we need to avoid complications from parallel transporting the frame across too large a ball. The regions D and B(φ log T X, s/T ) can be approximated by their projections onto nearby weak unstable and stable manifolds, respectively. If necessary, we can partition them into smaller pieces and project these pieces onto the appropriate unstable manifolds. At the symbolic level, the argument can be reduced to estimating sums of the form
where g : R → R is compactly supported (and thought of as approximating an indicator function), and q(z) = α c α z α is a polynomial on the unit circle. Symbolically, i is a state in the subshift of finite type (or, more generally, we introduce a cylinder for better approximations) representing a piece of unstable manifold for the geodesic flow, and the point x represents a piece of stable manifold for the geodesic flow.
Following [23], one can write
For the term α = 0, the asymptotics are worked out in [23] . For α = 0, we need the following additional observation (which is a simplified version of Lem. 8.6). LEMMA 
9.1
The operator L −(P(v)+it)r + v+iw, f +iα has unity as an eigenvalue if and only if α = 0, t = 0, and w = 0. In particular, the contribution to the above asymptotic is negligible.
Proof
The proof of the lemma follows by observing that the weighting is never cohomologous to a constant, except in the degenerate case. This should be compared with the proof of Proposition 7.1. One considers identities on closed orbits, and one eliminates the length by considering the flip map.
Thus Theorem 5 is proved.
We conclude this section with a second result that is also a straightforward generalization of results for SL(2, R) (see [6] , [21] ). PROPOSITION 
9.2
Assume that ⊂ satisfies / = Z d . We have the following: (1) there exist uncountably many different ergodic -invariant measures; (2) there exists v ∈ C 2 * such that the closure of the v does not contain 0 ∈ C 2 .
Proof
For part (1), we have the geometric interpretation that the -invariant measures correspond to the transverse measures for the stable manifolds on St n+1 ( V ). These, in turn, correspond to measures on¯ of the form
where ν is the equilibrium state for −hr + α, f for α ∈ Z d . For part (2), we can choose v to correspond to a point in a direction corresponding to a nonhorospherical point in the boundary of ∂H 3 . The result then follows by the arguments in [21, §1] . [11] . Part (ii) was shown by Brin and H. Karcher [12] . Finally, part (iii) was proved in [13] .
The case of variable curvature
We have the following result for the strong stable manifolds for f t : 
and we can define a corresponding space¯ with an equivalence relation ∼, as in §7. The conclusion of the theorem again follows from showing that this equivalence relation is weakly aperiodic. However, in the case of variable curvature, a more geometric interpretation of cross-ratios is required.
Let ⊂ Isom(M) denote the covering group for M, acting on the universal coverM for M. Let x, y, u, v be four distinct points on the boundary. We letγ y,x and γ v,u be the unique geodesics onM such thatγ y,x (−∞) = y,γ y,x (+∞) = x and γ v,u (−∞) = v,γ v,u (+∞) = u. In addition, we letγ y,u andγ v,x denote the unique geodesics withγ y,
Consider the unit tangent vectorγ A (0) ∈ SM, and fix a frame z.
First, we can horospherically transport this frame z over the stable horosphere based at x to the unique frame z 1 such that the unit tangent vector is tangent to the geodesic γ u,x and d(f t z,f t z 1 ) → 0, as t → +∞.
Second, we can horospherically transport the frame z 1 over the unstable horosphere based at u to the unique frame z 2 such that the unit tangent vector is tangent to the geodesic γ u,v and d(f t z 1 ,f t z 2 ) → 0, as t → −∞.
Next, we can horospherically transport z 2 over the stable horosphere based at v to the unique frame z 3 such that the unit tangent vector is tangent to the geodesic γ y,v and d(f t z 2 ,f t z 3 ) → 0, as t → +∞.
Finally, we can horospherically transport z 3 over the unstable horosphere based at y to the unique frame z 4 such that the unit tangent vector is again tangent to the geodesic γ y,x and d(f t z 3 ,f t z) → 0, as t → +∞. We can write z 4 := g(f T z 0 ), where g ∈ SO(n). Then e T can be considered as the absolute cross-ratio |x, y, u, v| (cf. [27] ) and g plays the role of the angular crossratio of the points (x, y, u, v).
We now proceed as follows. We say that (x, s) and (x , s ) ∈ X r A are stably equivalent (denoted (x, s) ∼ s (x , s )) if there exist n, n ≥ 0 such that
and we say that (y, u) and (y , u ) are unstably equivalent (denoted (x, s) ∼ u (x , s )) if there exist m, m ≥ 0 such that where r u (y, z) = p≥0 (r (σ − p y) − r (σ − p z)). Assume that there are four points (x (i) , s i ) ∈ X r A , i = 0, 1, 2, 3, and that there is a number T such that
For each such quadruple, we have numbers m 0 , n 0 , n 1 , m 1 , m 2 , n 2 , n 3 , m 3 in the definition of ∼ s , ∼ u . We can then identify
We can analogously define
, and we write
(M counts the number of passages in A ), and
Applying (7.1) repeatedly, we can write h 0 (x (1) ) = lim n→+∞ e −i θ, f n 0 (x (0) )− f n 1 (x (1) ) e −it (r n 0 +n (x (0) )−r n 1 +n (x (1) )) e iξ(n 0 −n 1 ) × R n 1 +n (x (1) ) −1 R n 0 +n (x (0) ) h 0 (x (0) ) = e −i θ, f n 0 (x (0) )− f n 1 (x (1) )
× e −it (r n 0 (x (0) )−r n 1 (x (1) )+r s (σ n 0 x (0) ,σ n 1 x (1) )) e iξ(n 0 −n 1 )
We can similarly relate h(x (1) ), h(x (2) ), and h(x (3) ), and then, combining these identities, we see that h(x (0) ) = e i θ,F e it T e i Mξ h(x (0) ). (10.1)
Consider the frames z 0 , z 1 , z 2 , z 3 , and z 4 = g(f T z 0 ), as in Figure 2 , and assume that they project to unit tangent vectors v (0) , v (1) , v (2) , v (3) , v (4) =g T v (0) ∈ SM. Moreover, assume that we can arrange the sections (in the flow direction) so that the vectors v (0) , v (1) , v (2) , and v (3) are the images by the coding of the points (x (i) , s i ) ∈ X r A , i = 0, 1, 2, 3, respectively, and that (x (3) , s 3 ) ∼ u σ r T (x (0) , s 0 ). Observe that this is automatically the case as soon as the unit tangent vectors v (0) , v (1) , v (2) , v (3) , and v (4) have a unique symbolic representation. Then we can identify = R(g), Fix z 0 such that the geodesic tangent to v (0) has a unique symbolic representation, and set h = h(x (0) ). Then (10.2) holds for any (g, T, M, F) associated to a picture such that the geodesics (u, x), (u, v), and (y, v) have a unique symbolic representation.
Consider first the case when n ≥ 3. By continuity, we have that the vector h is an eigenvector for R(g) for all choices of (u, v). In particular, when we can arrange that T = 0, we can identify g as an element of the Brin group H ⊂ SO(n), generated by a horospherical translation around us-paths of arbitrary length. Thus far, we have considered only us-paths of length 4, but, if necessary, we can iterate the argument above so that (10.2) holds more generally. Under hypotheses (i) -(iii) of Proposition 10.1, it is the case that H = SO(n) (see [13, Prop. 4] ). We therefore find that the vector h is an eigenvector for all R(g), g ∈ SO(n). As we observed in Proposition 7.1, for n ≥ 3, SO(n) does not have a one-dimensional representation, and so we can deduce that the representation is trivial.
For n = 2, it follows from [10] and [13] that it suffices to consider us-paths of length 4 in a neighborhood of z. Choose v (0) on a periodic orbit with a unique symbolic representation and Frobenius element zero. Periodic orbits with a unique symbolic representation are dense in a neighborhood of v (0) . Choose v (1) , v (2) , and v (3) to be sufficiently close that they pass through the same section as v (0) . For these choices, we readily see that when we compute F and M at the symbolic level, they are given by F = 0 and M = 0. By continuity, we see that for us-paths in a neighborhood of v (0) , we have (10.2) with T = 0, F = 0, and M = 0, and we can deduce that the representation is trivial.
In all cases, we deduce that (7.1) has only trivial solutions; that is, the equivalence relation is aperiodic. The rest of the proof follows exactly as in the constant curvature case.
Remarks. (1) When V is a compact manifold with negative sectional curvature satisfying the hypotheses of Proposition 10.1, we can deduce that the foliation W ss f of St n+1 (V ) by the strong stable manifolds is actually uniquely ergodic. More precisely, for any T transversal to the strong stable foliations W ss g for the geodesic flow on St n+1 (V ), we can define a T = T × SO(n) transversal to W ss f . Any transverse measure µ T for W ss f on T must project to the unique transverse measure µ T for W ss g on T , uniqueness being known by a result of Bowen and B. Marcus [8] . It remains to
show that dµ T = dµ T × dλ SO(n) , which can be deduced by the same general method as in the proof of Proposition 8.1.
(2) For a compact Kähler manifold V of complex dimension m, we can consider the natural frame flow f t : Sc m (V ) → Sc m (V ) on the space of unitary frames Sc m (V ). By [11, Th. 1.3], a sufficient condition for this flow to be ergodic is that either m is an odd number or m = 2. Moreover, it is shown that the Brin group is equal to U (m − 1). The proof of Theorem 6 generalizes to this setting, except that in the final step we do not have the convenience of U (m − 1) being free of one-dimensional representations. So we use both previous arguments. We first deduce from (10.2) that the representation R is one-dimensional, and then it suffices to consider us-paths in a neighborhood of some v (0) .
